Recent contributions to kernel smoothing show that the performance of crossvalidated bandwidth selectors improve significantly from indirectness. Indirect crossvalidation first estimates the classical cross-validated bandwidth from a more rough and difficult smoothing problem than the original one and then rescales this indirect bandwidth to become a bandwidth of the original problem. The motivation for this approach comes from the observation that classical crossvalidation tends to work better when the smoothing problem is difficult. In this paper we find that the performance of indirect crossvalidation improves theoretically and practically when the polynomial order of the indirect kernel increases, with the Gaussian kernel as limiting kernel when the polynomial order goes to infinity. These theoretical and practical results support the often proposed choice of the Gaussian kernel as indirect kernel. However, for do-validation our study shows a discrepancy between asymptotic theory and practical performance. As for indirect crossvalidation, in asymptotic theory the performance of indirect do-validation improves with increasing polynomial order of the used indirect kernel. But this theoretical improvements do not carry over to practice and the original do-validation still seems to be our preferred bandwidth selector. We also consider plug-in estimation and combinations of plug-in bandwidths and crossvalidated bandwidths. These latter bandwidths do not outperform the original do-validation estimator either.
Introduction
This paper is a study on some theoretical and practical findings on recent proposals for crossvalidated bandwidth selection in kernel density estimation. Indirect crossvalidation has recently been considered in Hart and Yi (1998) , Hart and Lee (2005) , Savchuk, Hart and Sheather (2010a,b) . In this approach in a first step the classical cross-validated bandwidth is calculated for another choice of "indirect" kernel. The indirect kernel is chosen such that the smoothing problem becomes much more rough and difficult than the original one. In a second step the bandwidth is rescaled to become efficient for the original kernel. The motivation for this approach comes from the empirical finding that classical crossvalidation tends to work better when the smoothing problem is difficult. In this paper we will compare this approach for polynomial choices of indirect kernels and for Gaussian kernels. In the above papers it was proposed to use Gaussian kernels in the indirect step. In this paper we give theoretical and practical evidence into this choice. Indeed, as we will see, the Gaussian kernel can be considered as limit of polynomial kernels and it is theoretically optimal in this class of kernels. It is very interesting and comforting to notice that when it comes to indirect crossvalidation than theoretical and practical results go hand in hand. The higher the polynomial order of the indirect kernel, the better the indirect crossvalidation performs in practice as well as in theory. It turns out that a similar theoretical result applies for Do-validation: again we get theoretical improvements by increasing the order of polynomial indirect kernels. But simulations do not support these findings. Do-validation is an indirect crossvalidation approach that was introduced in Mammen et al. (2011) . They concluded that do-validation is the indirect crossvalidation method for densities with the best ISE performance in practice so far. They also argued that when the asymptotic theory of the bandwidth selector gets so good as in the do-validation case, then theoretical improvements of bandwidth selectors are not really important. When theoretical properties become so good it is the practicalities around the implementation that count and here do-validation is excellent. This paper is yet another support of this conclusion on do-validation. While increasing the polynomial order of the indirect kernel improves the practical performance of indirect crossvalidation, this is no longer true for indirect do-validation. An overall judgement of performance favors the original do-validation procedure even though asymptotic theory suggests something else. From our simulated results we can see that the problem seems to be that the bias of the bandwidth selector increases with the order of the indirect kernel. This increase in bias is compensated by the decrease of volatility in the indirect crossvalidation case, but not in the indirect do-validation case. This type of conclusion is not foreign to us, because it parallels our experience with plug-in methods. Theoretically plug-in methods are better than indirect do-validation with the Gaussian kernel, even though it is a close race between the two. However, plug-in suffers from high bias and it is beat badly in all our finite sample performance measures. We also tried to combine plug-in, indirect crossvalidation and indirect do-validation. We present one such very successful combination. However, the performance of this combination is very similar to the performance of do-validation leaving us to prefer the do-validation because of its simpler computational properties. When we use the 90 percent integrated squared error as our performance measure instead of the classical mean integrated square error, then the advantage of do-validation and our new median estimator is even more significant. Also, the 90 percent quantile might be closer to what applied statisticians are looking for when evaluating the performance of a bandwidth selector. Applied statisticians might not be so impressed of their estimated nonparametric curve behaving well in some average sense. They are perhaps more interested in whether the concrete curve they have in front of them is as good as it can get. Looking at the quantile where you are worse 10 percent of the time and better 90 percent of the time give that kind of reassurance. In particular when the results are as crystal clear as the finite sample results we are getting in this paper. The bandwidth selectors of this paper could potentially also carry over to other smoothing problems, see Soni, Dewan and Jain (2012) and Oliveira, Crujeiras and Rodríguez-Casal (2012) and Gámiz-Pérez, Martínez-Miranda and Nielsen (2012) . The latter paper actually supports the use of Do-validation in survival smoothing and show its superiority to classical crossvalidation also in this case. The new insights provided by this current paper on Do-validation add to the confidence that Do-validation will be useful even beyond the simplest possible iid setting considered here. The paper is organized as follows. In Section 2 we first consider indirect crossvalidation, where the theoretical and practical improvements of highering the order of the indirect kernel is very clear. Both the theoretical and the finite sample performance improve consistently in every step we increase the order of the indirect kernel. In Section 3 we consider indirect do-validation. The theoretical relative improvements of highering the order of the indirect kernel are very similar to those we saw for classical crossvalidation. However, the finite sample results are less clear. Here increasing the order of the indirect kernel often helps, but not always. But as for indirect crossvalidation, we find very different bias/variance trade-offs for the different indirect kernels. This motivates the study of kernels that are combinations of several indirect crossvalidation selectors. In Section 4 we consider a new and stable median estimator and compare it with plug-in bandwidths and indirect crossvalidation. Along the next sections we describe simulation experiments to assess the finite sample performance of all the methods. The simulations scenario is described for all the cases in Subsection 2.1.
2 Indirect cross-validated bandwidth selection in kernel density estimation
In this section we consider indirect crossvalidation in its simplest possible version taken from Hart and Lee (2005) , Savchuk, Hart and Sheather (2010a,b) . These three papers also considered a number of variations of indirect crossvalidation, but we consider in this section the simplest possible version, where one has one indirect kernel and one original kernel. In this section we do not consider one-sided kernels. The above three papers seem to have some preference for the Gaussian kernel as indirect kernel. In this section we are able to give a theoretical justification for why this might be a good idea. The Gaussian kernel is in some sense the optimal kernel of a class of indirect kernels. And the theoretical and practical advantage of choosing the Gaussian kernel as indirect kernel can be quite substantial. In our derivation of indirect crossvalidation below we borrow notation from Mammen et al. (2011) that considered a class of bandwidth selectors which contains the indirect crossvalidation bandwidth h ICV,L with indirect kernel L as special case. The aim is to get a bandwidth with a small Integrated Squared Error (ISE) for the kernel density estimator
The bandwidth h ICV,L is based on the inspection of the kernel density estimator f h,L , for a kernel L that fulfills L(0) = 0. And it comes from the following CV score:
Note that because of L(0) = 0 we do not need to use a leave-one-out version of f h,L in the sum on the right hand side. The indirect crossvalidation bandwidth h ICV,L is defined by
with h L being the minimizer of the score (1). Here R(g) = g 2 (x)dx, µ l (g) = x l g(x)dx for functions g and integers l ≥ 0. Note that the bandwidth h L is a selector for the density estimator with kernel L. After multiplying with the factor (
it becomes a selector for the density estimator f h,K . This follows from classical smoothing theory and has been used at many places in the discussion of bandwidth selectors. Note that the indirect crossvalidation method contains the classical crossvalidation bandwidth selector as one example with K = L. We now apply results from Mammen et al. (2011) to derive the asymptotic distribution of the difference between the indirect crossvalidation bandwidths h ICV,L and the ISE-optimal bandwidth h ISE . Here, the bandwidth h ISE is defined by
Under some mild conditions on the density f and the kernels K and L, see Assumptions (A1) and (A2) in Mammen et al. (2011) , one gets by application of their Theorem 1 that for symmetric kernels K and L
where
Here we are interested in indirect crossvalidation defined with any symmetric kernel K (as for example the Epanechnikov kernel) and as the kernel L a polynomial kernel with higher order. Specifically we define a general kernel function with order r by
with κ r = (
Note that for r = 1 it is the Epanechnikov kernel and for r = 2 it gives the quartic kernel. We now study the theoretical performance of indirect crossvalidation for the choice K = K 2 and L = K 2r for different choices of r. We start by considering the limiting case r → ∞. For this purpose we consider the kernel K * 2r (u) = (2r) −1/2 K 2r ((2r) −1/2 u) that differs from K 2r by scale. Because the definition of the bandwidth selector does not depend on the scale of L we have that σ 2 K 2r ,ICV = σ 2 K * 2r ,ICV . Furthermore, because of lim r→∞ (1 − (2r) −1 u 2 ) r = e −u 2 /2 it holds that, after scaling, the polynomial kernels converge to the Gaussian kernel when r goes to infinity
Moreover, it holds that σ 2
This can be shown by dominated convergence using the fact that (1 − (2r) −1 u 2 ) r ≤ e −u 2 /2 . Thus a Gaussian indirect kernel is a limiting case for the performance of indirect crossvalidation. According to (3) and (4), the asymptotic variance of h ICV,K 2r − h ISE is of the form
+ c r with a constant c r depending on r and with C f,K as a function of f and K. We have just argued that c r → c ∞ for r → ∞ where c ∞ = 3.48 is the constant corresponding to the Gaussian kernel. Figure 1 shows c r as a function of r. It illustrates the convergence but it also shows that this convergence is monotone: by increasing the order r (r = 2, 3, 4, . . .) we get an incremental reduction in the asymptotic variance factor for indirect crossvalidation. One sees that the trick of indirect crossvalidation significantly improves on crossvalidation. And specifically the asymptotics for the indirect crossvalidatory bandwidths with kernels K and L being the Epanechnikov kernel and L = K 2r , respectively are given below for r = 1, 2, 8 and r → ∞, which becomes the Gaussian kernel.
The first improvement of going from standard crossvalidation to having an indirect kernel of one more order is the most important one. The crucial component of the asymptotic theory is decreasing from 7.42 to 4.71. This is sufficiently substantial to consider this simple adjustment of classical crossvalidation to solving a good and important part of the problem with the volatility of the crossvalidation estimator. However, indirect crossvalidation can do better. Going to the Gaussian limit brings the crucial constant down to 3.48! This is quite low and approaching the do-validation constant of 2.19 found in Mammen et al. (2011) . It turns out that 3.48 is still so big that 2.19 is a major improvement in theory and practice. Do-validation does better than indirect crossvalidation in theory and practice, even when the latter is based on the optimal Gaussian kernel. 
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Simulation experiments about indirect crossvalidation
The purpose of this section is to study the performance of the indirect crossvalidation method with respect to standard crossvalidation and the optimal ISE bandwidth (h ISE ). We consider in the study three possible indirect crossvalidatory bandwidths: h ICV 2 , h ICV 8 and h ICV G , which comes from using as the kernel K the Epanechnikov kernel and as kernel L the higher order polynomial kernel, K 2r defined in (5), for r = 2, 8, . . . , ∞ with K ∞ being the Gaussian kernel. We consider the same data generating processes as Mammen et al. (2011) . We simulate six designs defined by the six densities plotted in Figure 2 and defined as follows: 
5. a mixture of two gamma distributions, Gamma(a j , b j ), j = 1, 2 with a j = b 2 j , b 1 = 1.5, b 2 = 3 applied on 6x, i.e. Table 1 : Simulation results about the indirect crossvalidation method with designs 1 and 2. We compare the standard crossvalidation, h CV , with three indirect versions h ICV 2 , h ICV 8 and h ICV G for kernels K 2r with r = 2, 8, ∞. As a benchmark we report the results for the unfeasible ISE optimal bandwidth, h ISE .
giving one mode and a plateau, 6. and a mixture of three gamma distributions, Gamma(a j , b j ), j = 1, 2, 3 with a j = b 2 j , b 1 = 1.5, b 2 = 3, and b 3 = 6 applied on 8x giving two bumps and one plateau.
Our set of densities contains density functions with one, two or three modes, some being asymmetric. They all have exponentially falling tails, because otherwise one has to work with boundary correcting kernels. The main mass is always in [0, 1] . For the purposes of this paper we use five measures to summarize the stochastic performance of any bandwidth Table 2 : Simulation results about the indirect crossvalidation method with designs 3 and 4. We compare the standard crossvalidation, h CV , with three indirect versions h ICV 2 , h ICV 8 and h ICV G for kernels K 2r with r = 2, 8, ∞. As a benchmark we report the results for the unfeasible ISE optimal bandwidth, h ISE . Figure 2: The six data generating densities: Designs 1 to 6 from the upper left to the lower right.
Design 5 Table 3 : Simulation results about the indirect crossvalidation method with designs 5 and 6. We compare the standard crossvalidation, h CV , with three indirect versions h ICV 2 , h ICV 8 and h ICV G for kernels K 2r with r = 2, 8, ∞. As a benchmark we report the results for the unfeasible ISE optimal bandwidth, h ISE . selectors h:
The above measures have been calculated from 500 simulated samples from each density and four samples sizes n = 100, 200, 500 and 1000. The measures m 1 , m 2 and m 4 where also used in the simulations by the former paper by Mammen et al. (2011) . Here we have included measures m 3 and m 5 which are informative about the stability of the bandwidth estimates. Tables 1, 2 and 3 show the simulation results. Note that the bias (m 4 ) is consistently increasing as a function of the order of the indirect kernel with the indirect Gaussian kernel having the largest bias. This increase in bias is being more than balanced by a decreasing volatility (m 2 ) as a function of the order of the indirect kernel. As a result, the overall performance, the averaged integrated squared error performance (m 1 ), is decreasing as a function of the order of the indirect kernel with the Gaussian indirect kernel performing best of all. These results are very clear for all the designs and sample sizes and the indirectness in crossvalidation is indeed working quite well.
Indirect do-validation in kernel density estimation
Here we describe the indirect do-validation method and provide theoretical and empirical results in a similar way to that for indirect crossvalidation above. We conclude that indirect do-validation improves consistently theoretically when the order of the indirect kernel increases. The relative improvements parallel those we saw for indirect crossvalidation. However, it does not seem like the practical improvements follow the theoretical improvements for indirect do-validation. The original conclusion of Mammen et al. (2011) seems to be valid also here: "when the theoretical properties are so good as in do-validation, it is the practical implementation at hand that counts, not further theoretical improvements". Going all the way to the limiting Gaussian kernel is not of practical relevance for indirect do-validation. In our derivation of the methodology, we follow Mammen et al. (2011) that first consider a class of bandwidth selectors that are constructed as weighted averages of crossvalidation bandwidths. This class of bandwidth selectors contains the classical crossvalidation bandwidth selector as one example with J = 1 and L 1 (u) = K(u)1(u = 0). And it also contains the do-validation method which combines left and right-sided crossvalidation using the local linear kernel density estimator (Jones, 1993; and Cheng 1997a, 1997b) . In fact the method cannot work on local constant density estimation because of the inferior rate of convergence it has when applying to asymmetric kernels. For a kernel density estimator f h,M with kernel M the local linear kernel density estimator can be defined as kernel density estimator f h,M * with "equivalent kernel" M * given by
In onesided crossvalidation the basic kernel M (u) is chosen as 2K(u)1 (−∞,0) (leftsided crossvalidation) and 2K(u)1 (0,∞) (rightsided crossvalidation). This results in the following equivalent kernels
with µ * 1 (K) = 2 ∞ 0 uK(u)du. Here we have assumed that the kernel K is symmetric. The left-OSCV criterion, denoted by OSCV L , is defined by
with h L as its minimizer. The left-OSCV bandwidth is calculated from h L by
In exactly the same way we define the right-OSCV criterion, OSCV R , except that f h,K L in (14) is replaced by f h,K R . The right-OSCV bandwidth is calculated by h R,OSCV = C h R , where C is the same as in (16) and h R is the minimizer of OSCV R . The do-validation selector h DO is given by
See Martínez-Miranda, Nielsen and Sperlich (2009) and Mammen et al. (2011) for more details. Left-onesided crossvalidation and right-onesided crossvalidation are not identical in the local linear case because of differences in the boundary. However, asymptotically they are equivalent. As we will see in our simulations do-validation delivers a good stable compromise. It has the same asymptotic theory as each of the two onesided alternatives and a better overall finite sample performance. Again, Theorem 1 in Mammen et al. (2011) can be used to get the asymptotic distribution of h DO − h ISE . Under their Assumptions (A1) and (A2) it holds for symmetric kernel K that
with V(f ), H(u) as in the last section and with
For the kernel K equal to the Epanechnikov kernel this gives
This can be compared with the asymptotic variance of the Plug-in bandwidth which is equal to
As in the last section, the second term is the only one which differs among bandwidth selectors. This second term was also calculated for the quartic kernel, which is the kernel K 2r with r = 2. The calculation as above gave the value 1.89 and 0.83 instead of 2.19 and 0.72, see Mammen et al. (2011) . The immediate lesson learned from comparing the asymptotic theory of do-validation of the two kernels considered above is the following: the second term is bigger for plugin estimator for the quartic kernel than for the Epanechnikov estimator. However, for crossvalidation and do-validation it is the exact opposite, the second term is smaller for the quartic kernel than for the Epanechnikov estimator. Therefore, relatively speaking the validation approaches do better for the higher order kernel K 2r with r = 2, than for the lower order kernel K 2r , with r = 1 (the Epanechnikov kernel). One could argue that validation does better for the higher order kernel than for the lower order kernel. However, lets further consider the case that we are really interested in the optimal bandwidth for the lower order kernel and we really want to use a validation approach to select that bandwidth, see Mammen et al. (2011) for practical arguments for using validation instead of plug-in. Then it seems intuitively appealing to carry that validation out at the kernel with a high order to select the validated bandwidth for that higher order kernel and then adjusting this bandwidth to the lower order kernel by multiplying by the kernel constant
And this is what we call indirect do-validation.
We now give a formal definition of the indirect do-validation bandwidth h IDOr with kernels K and K 2r as h IDOr = C I,r h DO,r
with h DO,r the do-validation bandwidth calculated with kernel K 2r , and C I,r =
. The (direct) do-validation bandwidth with kernel K 2r is given by
Here K L,2r is defined from equation (12) replacing K by K 2r . Also h L,2r and h R,2r are the crossvalidated bandwidths with kernels K L,2r and K R,2r , respectively. Now substituting (22) and (23) in (21) we get
Using again Theorem 1 in Mammen et al. (2011) one gets that
where σ 2 IDOr is given by
with V(f ) and H(u) as above and
We get a result that is similar to the findings in our discussion of indirect crossvalidation in Section 2. By increasing the order r (r = 2, 3, 4, . . .) of the indirect kernel we get an incremental reduction in the asymptotic variance factor. Again, for r → ∞ the factor converges to the factor of indirect do-validation with Gaussian kernel. This can be shown as in Section 2. Figure 3 shows the factor as a function of r. One sees that the trick of indirect do-validation significantly improves on do-validation. Below we provide the resulting asymptotics for the indirect do-validation bandwidths, h IDOr , with r = 1, 2, 8 and the Gaussian kernel, which is the limiting kernel as r → ∞. Table 5 : Simulation results about the indirect do-validation method with designs 3 and 4. We compare the original do-validated bandwidth, h DO , with three indirect versions h IDO 2 , h IDO 8 and h IDO G for kernels K 2r with r = 2, 8, ∞.
Simulation experiments about indirect do-validation
with the just defined indirect do-validation method. We evaluate the finite sample performance of highering the orders of the indirect kernel for do-validation and compare with the former do-validation and the optimal ISE bandwidth (h ISE ). We consider in the study three possible indirect do-validation bandwidths: h IDO 2 , h IDO 8 and h IDO G , which comes from using as the kernel K the Epanechnikov kernel and as kernel L the higher order polynomial kernel, K 2r defined in (5), for r = 2, 8, ∞ (with K ∞ being the Gaussian kernel). Again we consider the six density estimation problems showed in Figure 2 and the five performance measures defined in (6)-(10). Tables 4, 5 and 6 show the simulation results. As we saw for indirect classical crossvalidation, the finite sample bias (m 4 ) is consistently increasing when highering the order of the indirect kernel. However, this increase in bias is offset by a decrease in volatility (m 2 ). This is consistently over sample size and design and follow the results we saw in the previous section for classical crossvalidation. However, when it comes to the overall average integrated squared error performance the impression is less clear. Sometimes increasing Table 6 : Simulation results about the indirect do-validation method with designs 5 and 6. We compare the original do-validated bandwidth, h DO , with three indirect versions h IDO 2 , h IDO 8 and h IDO G for kernels K 2r with r = 2, 8, ∞. the order of the indirect kernel improves results, sometimes it does not. Overall, the indirect do-validation methods perform more or less the same. Therefore, for do-validation the decrease in volatility (m2) and the increase (m 4 ) seem to be effects of similar size overall. So, the estimators have similar averaged ISE behavior, but they are quite different, when it comes to their bias/variance trade offs. Therefore, also for indirect do-validation it looks quite promising to take in a collection of indirect do-validated bandwidth selectors and use them for our median bandwidth selector that will be introduced in the next section.
A comparison to plug-in density estimation
In this section, for completeness, we first state asymptotics for the plug-in bandwidth selector. It holds for symmetric kernel K that
with V(f ) and H(u) as above, see e.g. Mammen et al. (2011) . The simulation results for the plug-in method will be described in the next subsection at the same time as we introduce a new bandwidth estimator. To allow for direct comparison with Mammen et al. (2011) we have implemented their refined plug-in estimator which followed the proposals of Sheather and Jones (1991) and Park and Marron (1990) . We refer the reader to this former paper for more details. Table 7 : Simulation study about the plug-in method and the median estimator for designs 1 to 3.
Combination of bandwidth selectors: a median estimator
In this section we take advantage of the lessons learned in the above sections on indirect crossvalidation, indirect do-validation and indirect plug-in estimation. We learned that Table 8 : Simulation study about the plug-in method and the median estimator for designs 4 to 6.
all these estimators were different giving us the idea that a median of estimators might perform very well. In this section we define the median estimator as the median of 13 bandwidth values, where 8 are crossvalidated bandwidths and 5 are identical values that are equal to the outcome of the plug-in estimator. The crossvalidated bandwidths are our four choices of cross-validated bandwidths and our four choices of do-validated bandwidths. We also tried other combinations. The median here had the best performance with other combinations being very close in performance. A comparison between the plug-in method and our median estimator is provided in Tables 7 and 8 . As a benchmark we include the ISE optimal bandwidth. The median behaves very well on all measures. However, the performance of the median estimator is so close to the performance of the do-validated estimator that we finally prefer the latter do-validated estimator in the end. The dovalidated estimator is simpler to calculate and simpler to generalize to more complicated settings.
